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Abstract 

Many properties of a category X, as for instance the existence of 
an adjoint or of a factorization system, are a consequence of the cow- 
ellpoweredness of X. In the absence of cowellpoweredness, for general 
results, fairly strong assumption on the category are needed. This 
paper provides a number of novel and useful observations to tackle 
the cowellpoweredness problem of subcategories by means of regular 
closure operators. Our exposition focusses on the question when two 
subcategories A and B induce the same regular closure operators (up 
to isomorphism), then information about (non)-cowellpoweredncss 
of A may be gained from the corresponding property of B, and vice 
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Introduction 

Subcategories are always assumed to be full and isomorphism closed. A 
morphism / : X — > Y in a category X is an epimorphism if for each 
pair of morphisms g,h : Y — > Z in a category X such that g ■ f = h ■ f 
implies g = h. Regular closure operators were originally introduced by 
Salbany [20]. These operators provide a key instrument for attacking the 
cowellpowerednes problem in a category X. A category X is said to be 
cowellpowered if each object X in X admits only a (small) set of non- 
equivalent Af-epimorphisms with domain in X. If these non- equivalent 
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Af-epimorphisms form a proper class we say that X is a non-cowellpowered 
category. These cases are often settled best by considering the problem in 
a larger category B for which the embedding A — ► B preserves epimor- 
phisms. Then clearly A is cowellpowered whenever B is. 

Using the fully rigid class of topological spaces, Herrilich [10] gave the 
first example of non-cowellpowered subcategory of Top. Schroder [17] 
produces an example of non-cowellpowered subcategory of Top: the full 
subcategory Ury of Top having as objects all Urysohn spaces (a topolog- 
ical space X is called Urysohn if any pair of distinct points of X can be 
separated by disjoint closed neighborhoods). Dikranjan, Giuli, Tholen in 
[4] generalize the Schroder construction [17] and produce more examples of 
non-cowellpowered subcategories of HAUS. In particular, they prove that 
the category of S'(n)-spaces is not cowellpowered. Answering a question 
whether the category of S , (w)-spaces is cowellpowered in [4], Dikranjan 
and Watson [6] proved that for each ordinal a > 1 the category of S(a)- 
spaces is not cowellpowered. It was shown by Giuli and Husek [8] that 
the category of topological spaces, in which every compact subspace is 
Hausdorff, is not cowellpowered. Tozzi [19] proved that the category of 
topological spaces in which every convergent sequence has a unique limit 
point is cowellpowered. Some other examples on cowellpoweredness and 
non-cowellpoweredness can be seen in [2]. A more complete discussion on 
(non)-cowellpoweredness is given in [5]. See also [7]. 

A well known technique on the cowellpoweredness problem is to find an 
effectively defined closure operator c of X such that the epimorphism of a 
subcategory A (whose cowellpoweredness is to be decided) are character- 
ized as c-dense morphism in A. This technique is often difficult because it 
involves finding an effectively defined closure operator c and then charac- 
terizing epimorphisms in terms of c-dense morphism. Schroder remarked in 
[17] that "Urysohn spaces do not differ very much from Hausdorff spaces, 
topologically. These small differences imply large consequences. Ury is 
non-cowellpowered and the category HAUS of Hausdorff spaces is cow- 
ellpowered." 

This fact motivated us to study the notion of (non)-cowellpoweredness 
between two closely related subcategories by means of regular closure op- 
erators. In the present paper we discuss various useful constructions for 
intermediate subcategories, including the Pumplim - Rohrl closure and 
Hoffmann closure of a subcategory A. Our main focus will be on the ques- 
tion as to when such extensions B of A induces the same closure operator 
as A, so that information on the (non)-cowellpoweredness of A may be 
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gained from the corresponding property of B, and vice versa. 

Section 1 gives necessary definitions on closure operators. In section 2 
we provide the conditions as to when two weakly reflective subcategories 
induce the same regular closure operators. In section 3 we show that 
reflective subcategories and their intermediate subcategories induce the 
same regular closure operators. Section 4 is consisting the main results 
and presents a necessary and sufficient conditions for two subcategories to 
induce the same regular closure operators. These results are also obtained 
for Pumpliin-Rohrl closure and Hoffmann closure. All the main results 
on (non)-cowellpoweredness of subcategories are proved in section 5 and 
examples are given in section 6. 

1 Preliminaries 

Given two subcategories we give conditions that they induce the same reg- 
ular closure operators (up to isomorphism). We prove these results for 
weakly reflective subcategories. These results may be useful in other situ- 
ation where problem related with cowellpoweredness is not central. Note 
that, in topological categories regular closure operators are in one to one 
correspondence with strongly epireflective subcategories (cf. [4]). In sec- 
tion 4 we will give a betterment of this result. 

Throughout this paper we consider a category X and a fixed class M. 
of morphisms in X which contains all isomorphisms of X. 
It is assumed that X is .M-complete (cf. [3]), i.e., 

• M. is closed under composition; 

• Pullbacks of .M-morphisms exist and belong to M, and multiple pull- 
backs of (possibly large) families of .M-morphisms with common codomain 
exist and belong to M. 

Some of the consequences of the above assumption are given below. 

1. every morphism in M is a monomorphism in X; 

2. if n ■ m G M. and n G M, then m <G M; 

3. for each object X in X the comma category A4/X of .M-morphisms 
is a (possibly large) complete preordered set. We shall use the usual 
lattice- theoretical notions in Ai. 
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4. there is a (uniquely determined) class £ of A'-morphisms such that 
(£,M) is a factorization system of X. 

A closure operator on X with respect to the class M. is a family c = 
(cx)xex of maps cx ■ M/X — ► M/X such that 

1. m < c(m); 2. m < m' =>■ c(m) < c(m'); 3. for every / : X — ► V 
andmGM/I, f{cx{m)) < cy(/(m)). 

Closure operator c determined in this way is unique (up to isomor- 
phism). For each meMwe denote by c(m) the c- closure of m. 

An A4-morphism m £ is called c-closedif m = cx(m). A closure 

operator c is said to be idempotent if c(c(m)) = c(m). 
For a subcategory A of X, a morphism / is an A-regular monomorphism 
if it is the equalizer of two morphisms h,k : Y — ► A with A G A. 

Let M. contain the class of regular monomorphisms of X. For m : 
M — > X in M define 

CA( m ) = /\{ r ^ M | r > m and r is A — regular} 

These closure operators are called regular closure operators and Cjx(m) is 
called the A-closure of m. In case A = X we denote c^(m) by c(m). 

Following results are trivial. 

1.1. If r is the equalizer of two morphisms / and g, then for every 
monomorphism a for which a • f and a ■ g are defined r = eq(a ■ f, a- g). 

1.2. If r is the equalizer of two composite morphisms a ■ f and a ■ g 
with f • r = g ■ r, then r = eq(f, g). 

2 

We recall the following definitions. 

Definition 2.1 A full and replete subcategory A of a category X is called 
weakly reflective ([14]) in X provided that for each X -object X there exists 
a weak .4-renection, i.e., an ^l-object A and a morphism r : X — ► A 
such that for every morphism / : X — ► B from X into some ^-object B 
factors through r, i.e., there exists some (not necessarily unique) morphism 
g : A — ► B with f = g ■ r. 

If the reflection morphism r is a monomorphism then we say that A is 
weakly monoreflective in X. 
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Definition 2.2 ([11]) A is called almost reflective in X provided that A 
is weakly reflective in A and closed under the formation of retracts in X. 

Examples on almost reflective subcategories which are not reflective can be 
seen in [11]. Clearly, reflectivity =4> almost reflectivity => weak reflectivity. 

Proposition 2.3 Let A be weakly reflective subcategory of X. If X has 
equalizers, cokernel pairs and M contains all regular monomorphisms of 
X, then there is a canonical closure operator C4 with repect to M. such 
that for each m £ M. 

c.4(m) = eq(r Y -i,r Y ■ j) 

with (i,j : X — > Y) the cokernel pair of m and ry the weak ^4-reflection 
of Y. 

Proof. Proof is straightforward and omitted. □ 

As a consequence of this, cj± is an idempotent closure operators on X. 

Assumption: Throughout the remanider of this paper we assume X has 
equalizers, cokernel pairs and M. contains all regular monomorphisms. 

A reflective subcategory of Top which contains a space with at least 
two points has a reflector preserving monomorphism if and only if it is 
bireflective ( i.e., reflection are bijections). But there are categories where 
notion of monoreflectivity is relevent. 

Proposition 2.4 If A is weakly monoreflective in X, then for each m £ 
M 

c A( m ) — eq(rY • i,ry ■ j) — c(m) 

with : X — ► Y) the cokernel pair of m and ry the weak ^4-reflection 
of Y. 

Proof. Consider the following diagram 
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1 




-rZ 



rY 



T 




J 



T 

z 



with / = eq{ry ■ i,ry • j) , m = coker(i,j) and t = eq(p,q) a regular 
monomorphism in X with t > m. 

Proposition 2.3 gives / = eqiry -i,ry ■ j) — c^{m). Weakly monoreflectiv- 
ity of A and 1.1 give t = eq{rz-p, tz-q), which implies t is also an ^.-regular 
momonorphism. From f >m and t > m we compute rz - p-m = rz ■q-m. 
Next we use the weakly reflectivity of A and m = coker(i, j), which give 
r Z'V f = r z-Q-f- Since rz is a momomorphism, rz-p-f = rz - Q-f implies 
P ' / = Q " /■ Now t = eq(p, q) and p ■ f = q ■ f so there exists a unique h 
such that h ■ t = f, which implies / < t. Using the fact that m < f < t 
for all regular momonorphism t in X and the definition of regular closure 
operators, we deduce that cjSm) = f = c(m). □ 

As a corollary to this we strenghten the result 3.5 of [4]. 

Corollary 2.5 Any monoreflective A in X induces the same regular clo- 
sure operator as X, which is the largest regular closure operator in X. 

Following two observations are the key results for later sections. 

Proposition 2.6 Let A and B be two weakly reflective subcategories of 
X. If for each object in B the weak ,4-renection morphism is a monomor- 
phism, then A and B induce the same regular closure operators ( up to 
isomorphism). 

Proof. Consider the above diagram (Proposition 2.4) with / = eq(ry • 
i, ry ■ j) = Cj[(m) , m = coker(i,j) and t = eq(p, q) a B regular monomor- 
phism in X with t > m. Since ry ■ i ■ m = ry ■ j ■ m, there exists a unique 
k such that f ■ k = m implies m < f. m <t implies there exists a unique 
/ : M — ► T. For Z £ B, rz is a monomorphism. Weakly reflectivity of A 
gives t = eq(rz ■ p,rz ■ q)- Apply I both sides of rz • p • t = rz ■ q • t 
we get rz • p • m = rz • q • m. Since m = coker(i,j), there exists a 
unique u such that rz • p = u ■ i and rz • q = u ■ j. Again apply the 
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weakly reflectivity of A, we have v • rz = u. An easy computation gives 
r z ■ V ■ f = rz ■ q ■ f, and t = eq(rz -p,rz ■ (?) implies there exists a unique 
h such that t ■ h = f which implies / < t. Next, using the definition of 
cjsirn) and the fact that m < 04(777.) < t for all ^-regular monomorphism 
t, we prove Cj^(m) = cg(m). □ 

Proposition 2.7 Let A and B be weakly reflective subcategories of X ' . 
If the composition of weak 23-reflection morphism followed by weak A- 
reflection morphism is again an weak ^.-reflection morphism, then A and 
B induce the same regular closure operators (up to isomorphism). 

Proof. For an object X in X, we denote by rx the weak ^-reflection of 
X and by sx the weak ^-reflection of X. 
Consider the diagram 




with / = eq(sY ■ i,sy • j) and m = coker(i, j). 
We have ce(m) = eq(sy - i, sy - j) (Proposition 2.3). Let t be any ^.-regular 
monomorphism with m <t. Let t = eq(p, q : X — ► Z) with Z G A. Since 
m < t, there exists a unique I : M — ► T such that t ■ I = m. Since 
p ■ m = p ■ t ■ I = q ■ t ■ I = q ■ m, there exists a unique w : Y — > Z 
such that w ■ i = p and w • j = q. Now r s y is the weak reflection of Y 
in A and Z G A. Therefore there is a morphism u : r(sY) — ► Z such 
that u ■ r s y ■ sy = w. By an easy computation we get p ■ f = q ■ f . As 
t = eq(p,q), there exists a unique h : F — ► T such that t • h = f which 
implies / <t. Since m < f < t for all ^.-regular morphism t, therefore we 
have Cjs(m) = eq(sy ■ i,sy ■ j) = c^(m). □ 



In this section we formulate various useful results for intermediate sub- 
categories as to when intermediate subcategory B of (A, X) and A induce 
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the same regular closure operators ( up to isomorphism). Recall that a 
category X is said to be wellpowered if the subobjects of every object of 
X constitute a (small) set. 

Throughout the remainder of this paper by "two subcategories induce 
the same regular closure operators" , we mean that the induced closure op- 
erators are same up to isomorphism (they may be equal). 

We begin by defining an intermediate category. 

Definition 3.1 [1] Let r be a reflector from X to A. If r = s • t where 
t : X — > B is an A'-epireflector and s : B — > A is a S-epireflector, then 
B is said to be an intermediate category of the pair (A, X). 

Theorem 3.2 Let X be cowellpowered with products and suppose that 
every morphism can be factored as an epi followed by mono. Let A be a 
reflective subcategory of X and let B be a subcategory of X whose objects 
are the ^-subobjects of ^4-objects. Then A and B induce the same regular 
closure operators. 

Proof. We observe that A is a £>-epireflective subcategory of B and B is a 
X -epireflective subcategory of X , and that B is an intermediate category 
of the pair (A,X) (cf. [1, Theorem 2]). Now result is immediate from 
Proposition 2.7.D 

Next theorem shows that there exists a smallest intermediate subcate- 
gory B of the pair (A, X) inducing the same regular closure operators as 
induced by A. 

Theorem 3.3 Let A be a reflective subcategory of a wellpowered cat- 
egory X with intersections. The subactegory B whose objects are the 
A'-extremal subobjects of *4-objects is the smallest intermediate subcate- 
gory of (A, X) and induces the same regular closure operators as induced 
by A. 

Proof. Consider the diagram 
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with / = eq(ty • i,ty • j) and m = coker(i,j : X — ► Y). 
Let n = eq(p, q : X — ► Z) be any .A-regular morphism with n > m. Let 
r : X — ► A be a X -reflective functor, t : X — > B be an ^-epireflective 
functor and s : B — ► A be a £>-epireflective functor. Using [1, Theorem 5] 
and Proposition 2.7 we prove that B is the smallest subcaterogy of (A, X) 
and that m < f < n for all ^l-regular morphisms n. This gives that 
c B (m) = f = c A {m). □ 

In the case of largest intermediate subcategory of (^4, X), we have 

Theorem 3.4 Let X be wellpowered, cowellpowered category with inter- 
sections and products of every indexed set of objects. Let A be reflective 
in X and let B be the subcategory whose objects are the Af-extremal sub- 
objects of the ^l-objects. Define C, a subcategory of X as follows 

C € obj(C) <^=^ for each B € obj(B) and a pair of morphisms /, g : 
rB — ► C, 

/ -r B = g-r B =>• f = g. 

(Here, r is the reflector from B to A and r B : B — ► rB is the corresponding 
reflection morphism.) then C is the largest intermediate subcategory of 
(.4, X ) and induces the same regular closure operators as induced by A. 

Proof, (cf. [1. Theorem 6]) We have C is closed under the formation of 
products in X and subobjects in X; C is thus an epireflective subcategory 
of X. Let t: C — ► A be the restriction of reflector s: X — > A. It is 
clear that t is a reflector. Since X has (epi, extremal mono)-factorization 
for morphisms and the way C was defined, we can prove that for each 
object C in C, the morphism tc is C-epimorphism and C is an intermediate 
subcategory of (A, X) which is also a largest intermediate subcategory of 
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(A,X). Next, use the similar computations as we have done in Theorem 
3.3, we get c#(m) = 04(777.). □ 

4 

In this section we give some necessary and sufficient conditions for two 
subcategories to induce the same regular closure operators. 

Throughout this section we assume X has finite products. (X also sat- 
isfies the assumptions of section 1 and 2). 

For a subacategory A of X, let 

S(A) = {X £ X I there is a monomorphism X — ► A with A £ .4} 
If A is reflective with reflector r and reflection morphism r then 

S(A) = {X £ X I rx is a monomorphism} . 
If, moreover, X has (strong epi, mono)-factorization, then S(A) is the 
strongly epireflective hull of A in X and A is bireflective in S(A). For U 
and X in X , 
we denote by 

a U:X : r(U x X) — > r([7) x r(X) 
the canonical morphism with u • a^x = r(p), v • a(y,x = r(<?) 
where p, q are projections of U x X and u, i> projections of r(U) x r(X). 
Let Ax : X — > X x X be the diagonal of X in A". 

Theorem 4.1 Let *4 and B be two reflective subcategories of X and let 
for each object X in £> the canonical morphism a^x are defined w.r.t. 
the reflector r of the category A be a monomorphism in A for all U in A". 
Then following assertions are equivalent 

(a) Ax is ^4-regular for each X £ B; 

(b) BCS{A); 

(c) A and B induce the same regular closure operators. 

Proof, (a) => (b) is immediate from [9, Theorem 1.1]. (b) => (c) follows 
from Proposition 2.6. (c) (a) since A and B induce the same regular 
closure operators and X has cokernel pairs, we have Ax — c^(Ax) — 
cs(Ax), which completes the result. □ 

If U is a terminal object, and a generator of X , then the projection 
q : U x X — ► X is an isomorphism, hence also v ■ au,x = r(q) is one, so 
au,x is monic in A. 
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Corollary 4.2 Let the terminal object of X be a generator of X . If A 
and B are reflective subcategories of X, then A and B induce the same 
regular closure operators if and only if B C 5(^4). 

Theorem 4.3 of [4] gives that if the terminal object of X is a generator 
of X, A and B induce the same regular closure operators if and only if 
S(A) = S(B). So the Corollary 4.2 is a betterment of this result. 

4.3 

The Pumplun - Rohrl closure E(A) of A. 

Let A be a subcategory of X. A morphism / : C — ► D in X is called 
A-cancellable if h ■ f = k ■ f with h,k : D — ► A, A £ A implies h = k. 
Suppose the class Canx{A) of all ^.-cancellable morphisms in X contains 
all epimorphisms of X, is closed under composition and colimits, and is 
stable under (multiple) pushouts. Let £ be a subclass of morphisms of X. 
An object X in X is called £-Hausdorff (cf. [9, 15, 16]) if every p G £ is 
{X}- cancellable. Let Hausx{£) be the class of all £-Hausdorff objects in 
X and be closed under mono-sources in X . 
We define the Pumplun - Rohrl closure E{A) of A as follows 

E(A) = Haus x {Can x {A)) 
Note that S(A) C £(,4). (cf. [15, 16]) 

Hoffmann closure D(A) of A 
A morphism / : X — ► Y in is an A-epimorphism if for all u, v : 1" — ► A 
with i G 4, one has implication (u ■ f = v ■ f) => {u = v). This definition 
is same as the definition of ,4-cancellable morphism, but we reserve their 
names as many other authors do. 

Let Epix{A) be the class of all ^.-epimorphisms of X. We denote by 

D(A) = H aus x{Epix{A)) the Hoffmann closure of A. 
One has A C S{A) C £(„4) C L>(^4) C X ([9]), and all inclusions may be 
proper. If C is one of these three intermediate categories, then 

(1) A — ► C preserves epimorphisms, 

(2) A is epireflective in C if A is reflective in C, 

(3) C is strongly reflective in X if X has (strong epi, mono)-factorization. 
Every morphism in (m | p _L m /or aZZ p € Epix(A)) is a strong monomor- 
phism and is called ^.-straight in [9]. ^l-strong monomorphisms are A- 
straight. 
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Theorem 4.4 Let A and B be reflective subcategories of X. Consider 
the following assertions: 

(a) A and B induce the same regular closure operators ; 

(b) B C E(A) (if every epimorphism in X is ,4-cancellable); 

(c) B C D{A). 
Then (a) (b) (c). 

Moreover, if the terminal object of X is a generator, then 

(a) O (b) and (a) <^ (c). 

Proof, (a) =4* (b). For every object X £ X, we have Ax is „4-strong 
implies X € E(A) (cf. [9, Corollary 2.2]). A and £> induce the same 
regular closure operators, for each XGBwe have Ax is *4-regular. In X 
every „4-regular monomorphism is ^.-strong monomorphism. This shows 
B C E{A). 

(b) (c) We have K£(i)Cfl(4 
Moreover part 

(b) (a) We have £ C £(.4). Corollary 4.2 gives C S(A), We also 
have S(.A) C E{A). Now the result follows from the fact that B C C 
E(.A). 

(c) (a) Corollary 4.2 gives B C 5(^1), the result is immediate from 
the fact that S(A) C D(„4) and £ C 5(^1) C D{A). □ 

In case of intermediate subcategories, we have 

Theorem 4.5 Let X be cowellpowered and has (epi, mono)- factoriza- 
tions. Let A be a reflective and cowellpowered subcategoty of X. Let B 
be a subcategory of X such that for each object X in B the canonical 
morphism a^x are defined w.r.t. the reflector r of the category A is a 
monomorphism in A for all U in X . Then 

(a) if objects of B are the A'-subobjects of „4-objects, then the B C 
S(A). 

(b) if objects of B are the <Y-extremal subobjects of „4-objects, then B 
is smallest intermediate subcategory of (A,X) contained in S(A). 

Moreover, if the terminal object of X is a generator, then the results 
hold without the assumption that ctu,x is a monomorphism in A for all U 
in X. 

In addition to this, if X has (strong epi, mono)-factorizations, B = 
S(A) = S(B). 

Proof, (a) Since X is cowellpowered and has (epi, mono)-factorization 
and B forms an intermediate subcategory of the pair (A, X) such that A is 
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£>-epirefletive subcategory of B and B is A'-epireflective subcategory of X. 
Therefore A and B induce the same regular closure operators (cf. Theorem 
3.2). Now result follows from Theorem 4.1. 
(b) Proof is clear from Theorems 3.3 , 4.1. □ 

Let B be any reflective subcategory of X, suppose A be another reflec- 
tive subcategory of X . One can ask, what will be the suitable conditions 
on A such that B C A? Following theorem provides an answer to this 
question by means of regular closure operators. 

Theorem 4.6 Let B be any reflective subcategory of X. If A is an 
extremally epireflective subcategory of X and X is not an object of A, 
then there exist morphisms f,g:Z — > X such that 

(*)/ 7^ 9 an d fx ■ f = rx • g, and a morphism g : X — > Z such that 
g ■ g = ~g ■ f , and g -g ■ g = g, where rx is the ^4-reflection morphism. 
If A and B induce the same regular closure operators then BOA. 

Proof. Suppose X G B, this implies Ax is ^-regular. Since A and B in- 
duce the same regular closure operators, Ax = c_4(Ax) = cg(Ax). This 
implies Ax is ^l-regular. Since X G A if and only if Ax is *4-regular, 
X £ A (cf. [13, Proposotion 3.4]). Hence B C A. 

Remark, (cf. [13]) Some examples of categories X in which condition 
(*) is satisfied are: all topological categories; many initially structured 
categories; such as HAUS; and the category of groups. 

5 

Cowellpoweredness - main results 

In this section (except in the Theorem 5.2) category X is assumed to be 
complete, wellpowered and cowellpowered. 

Theorem 5.1 Let A be reflective and cowellpowered subcategory of X . 
Let B be a reflective subcategory of X, consider the following conditions 
on A and B. 

(a) for each object X in B the canonical morphism ajj,x is a monomor- 
phism 

in A for all U in X. 

(b) objects of B are the A"-subobjects of ^4-objects. 

(c) objects of B are the ^-extremal subobjects of ^4-objects. 
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(d) the terminal object of X is a generator of X. 

(e) A and B induce the same regular closure operators. 

(f) B is cowellpowered. 

(g) B is an intermediate cowellpowered subcategory of (A, X). 

(h) B = S(A) = S(B) is cowellpowered. 

Then ((a) and (e)) (f) 4= ((d) and (e)); ((a) and (b)) (g) 4= ((b) and 
(d)) and ((a) and (c)) (h) 4= ((c) and (d)). 

Proof, ((a) and (e)) => (f). Theorem 4.1 gives B C S(A). Since A is 
reflective and cowellpowered, S(A) is cowellpowered (cf. [12]) and hence 
B is cowellpowered. 

((d) and (e)) =4» (f). A? is complete and wellpowered therefore X has 
(strong epi, mono)-factorizations. Since A and are reflective in X, there- 
fore S(A) and S(B) are the strongly epireflective hulls of A and B respec- 
tively. By the fact that A and B induce the same regular closure operators 
we have £(.4,) = S(B). A is also cowellpowered in X therefore we have 
S(A) is cowellpowered and hence B is cowellpowered. 

((a) and (b)) (g). Proof follows from the facts that B C S(A) (cf. 
Theorem 4.5) and S(A) is cowellpowered (cf. [12], [18]). 

((b) and (d)) =4> (g). Clearly, S(A) = S{B). Now the result is immedi- 
ate from the fact that S(A) is cowellpowered. 

((a) and (c)) (h) 4= ((c) and (d)). Left for reader. □ 

We conclude this section with the following result (cf. Theorem 4.6). 

Theorem 5.2 Let A be extremally epireflective subcategory of X satisfy- 
ing condition (*) of Theorem 4.6. Let B be a non- cowellpowered reflective 
subcategory of X such that B — ► A preserves epimorphisms. If A and B 
induce the same regular closure operators, then A is noncowellpowered. 

Proof. Proof is a straightforward consequence of Theorem 4.6. □ 

6 

Examples 

(1) (cf. [1]) The category CHS of compact Hausdorff spaces is a 
reflective subcategory of Top and the category CRS of completely regular 
spaces form the smallest intermediate subcategory for the pair (CHS, 
Top) whose objects are the subspaces of the objects of CHS and the 
reflection of an object X is the Stone-Cech compactification of X. So 
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CHS and CRS induce the same regular closure operators on Top. Also, 
CHS form the smallest monoreflective subcategory of CRS, therefore for 
each X e CRS and M C X, c C us(M) = c CRS (M). 

(2) (cf. [1]) Let Top G denote the category of T Q -spaces. Let A be 
a subcategory of Top D whose objects are Top G - extremal subobjects of 
products of the connected doublet (the two point space with three open 
sets). This category A is the smallest monoreflective subcategory of Top . 
Therefore A and Top c induce the same regular closure operators. 
Another example of this fact is the category of indiscrete spaces which 
froms the smallest monoreflective subcategory of Top. 

(3) (cf. [2]) Let V be a class of topological spaces and let HAUS("P) 
denote the category of topological spaces X such that for every P € V and 
for every continuous map / : P — ► X, f(P) is a Hausdorff subspace of 
X. Let V satisfy the following condition: 

If P G V, P 7^ then P U Q <G V for some non- empty space Q and V 
is closed under continuous images. 

Since HAUS(^) and HAUS(7 7 nHAUS) induce the same regular clo- 
sure operators (cf. [2, Theorem 1.4]), we have HAUS (V) C HAUS (V n 
HAUS) (cf. Corollary 4.2). Now the non- cowellpoweredness of HAUS 
(V n HAUS) follows from the non-cowellpoweredness of HAUS(7 7 ) and 
the cowellpoweredness of HAUS('P) follows from the cowellpoweredness of 
HAUS(7 ? nHAUS) (cf. Theorem 5.1). In particular non- cowellpowered- 
ness of HAUS (comp) ([8, Theorem 4.3]) implies the non-cowellpoweredness 
of HAUS(Hcomp), where comp denotes the class of all compact spaces 
and Hcomp denotes the class of all compact Hausdorff spaces. 
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